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(Received 26 November 1993) 
Soit X/E4 une varibtt algbbrique sur le corps des rkels, et soit X(R) l’espace topologique d&Me par l’ensemble de ses 
points r&Is. De nombreux travaux ant Ctt consac& aux liens entre la topologie de X(R) et la gkom6trie algkbrique 
de X (Hamack, Weichold, Witt, Geyer, Artin/Verdier, Cox). Dans le p&sent article, on commence par analyser la 
structure du groupe de Chow CH,(X) des z&o-cycles modulo l’tquivalence rationnelle. Le quotient de CH,(X) 
par son sous-groupe divisible maximal est exprimk simplement en fonction du nombre t de composantes connexes 
compactes de X(R). Pour X/R propre et lisse, on calcule la torsion du groupe CH,,(X) (analogue sur Iw du 
thborkme de Roitman sur C). 
Pour X lisse avec X(R) # 8, on explore ensuite les liens entre la cohomologie de X(R) et la cohomologie de 
Zariski des faisceaux .%@ obtenus par faisceautisation de la cohomologie 6tale (coefficients Z/2). En utilisant les 
rbultats d’Artin/Verdier/Cox, on &die la suite spectrale de Bloch-Ogus Ep = H#,,,(X, .%fq) * HP,+q(X, iZ/2). 
Lorsque X est lisse, cette suite spectrale d6g:gbndre en degrks suffisamment grands, et nombre des groupes 
y intervenant sont finis. Pour X lisse connexe de dimension d, on obtient une nouvelle preuve de l’isomorphisme 
CH,(X)/Z = (Z/2)‘et l’on montre que l’application cycle CH,(X)/Z -* Hid(X, Z/2) est injective. On montre que le 
grbupe Hd-‘(X(R), Z/2) est un quotient de Hd-‘(X, .Wd). Si de plus H 2d-1(X,-, Z/2) = 0, alors Hdm2(X(Iw), H/2) 
est un quotient de Hd-‘(X, Sd). Enfin on &die une application naturelle Hd-‘(X, xx,)/2 -t Hdml(X(IW), H/2) et 
l’on donne des conditions suffisantes pour qu’elle soit un isomorphisme. 
Let X be an algebraic variety over Iw, the field of real numbers. The interplay between the topology of the set of real 
points X(Iw) and the algebraic geometry of X has been the object of much study (Harnack, Weichold, Witt, Geyer, 
Artin/Verdier and Cox). In the present paper, we first analyze the Chow group CH,(X) of zero-cycles on X modulo 
rational equivalence. Let t be the number of compact connected components of X(R). The quotient of CH,,(X) by 
its maximal divisible subgroup is a finite group, equal to (Z/2)’ if X(R) # 8. For X/R smooth and proper we 
compute the torsion subgroup of CHo(X) (we use Roitman’s theorem over C). 
Let X/i&! be smooth, connected, d-dimensional and assume X(R) # 0. We use the Artin/Verdier/Cox results to 
analyze the Bloch-Ogus spectral sequence Ep = H&(X, X4) * HCq’q(X, Z/2). Here the Zariski sheaves .%?q 
are the sheaves obtained by sheafifying &ale cohomology (with coefficients Z/2). We show that in high enough 
degrees this spectral sequence degenerates and that many groups H&,(X, 2’) are finite. A new proof of the 
isomorphism CH,(X)/2 2 (Z/2)’ is given, and the cycle map CH,(X)/Z + Hzd(X, h/2) is shown to be injective. The 
group Hdml(X(Iw), E/2) is shown to be a quotient of Hd-‘(X, &). If H 2d-1(Xc, Z/2) = 0, then HdT2(X(Iw), E/2) is 
a quotient of HdW2(X, .%“). There is a natural map H d- ‘(X x,)/2 -+ Hd- ‘(X(W), Z/2). Sufficient conditions for it 
to be an isomorphism are given (e.g. Xc projective and si;ply connected). 
INTRODUCTION 
Let X be an algebraic variety over Iw, the field of real numbers. The study of relations 
between the topology of the set of real points X([w) and the algebraic geometry of X has 
a rich history. For curves, such results can be traced back to the work of Harnack (1876), 
Weichold (1883), Witt (1934) [40] and have received various modem treatments, starting 
with the work of Geyer [19,20]. 
Given any algebraic variety X/l& we denote by s the number of connected components 
of X(W) and by t the number of such components which are compact. So s is the dimension 
of H’(X(W), Z/2) over Z/2. If X is connected and smooth of dimension d, then t is the 
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dimension of Hd(X(W), Z/2) over Z/2. For smooth curves, the numbers  and t describe the 
topology of X(R) completely. 
Here are two basic results for smooth curves over R, due to Witt [40]. Let Pit(X) be the 
Picard group of X, i.e. the group of cycles of codimension one (which for curves are cycles of 
dimension zero) modulo rational equivalence. This is also the first &ale cohomology group 
H,!,(X, G,J with values in the multiplicative group 6,. Let Br(X) = Hi(X, G,) be the 
Brauer group of X. Assume X(R) # 0. Then 
Pic(X)/2 2 (E/2)’ (0.1) 
Br(X) 2 (Z/2)“. (0.2) 
Witt’s results can be reformulated in terms of the ttale cohomology group H,?,(X, Z/2): 
there is a canonical exact sequence 
0 + Pic(X)/2 + Ht,(X, Z/2) + Br(X) + 0 (0.3) 
in which Pic(X)/2 gets identified with the subgroup of all cohomology classes 
cc~&(X, Z/2) which restrict to zero on the complement of a finite set of closed points. 
A modern approach to such results, for varieties of arbitrary dimension, is due to 
Artin-Verdier (1964) and Cox (1979) [13]. As one of the main results in this direction let us 
quote the following. Let X be an arbitrary R-variety of dimension d. Then for any integer 
n 2 2d + 1, there is a natural isomorphism 
H,?,(X, E/2) E 6 H’(X(R), H/2). 
i=O 
(0.4) 
If X is smooth with X(R) # 8 then (0.4) holds also for n = 2d. Note how the case d = 1 of 
this (at least, the existence of an isomorphism (0.4)) follows from Witt’s results, using (0.3). 
Other extensions of Witt’s results to higher dimension have been given. For X a variety, 
let CH,(X) be the Chow group of zero-cycles modulo rational equivalence. If X/W is 
complete with X(R) # 0, then [9] 
U-z,(X)/2 g (y2)s (0.5) 
which generalizes (0.1) for complete varieties. On the other hand, for any nonnegative 
integer n, one may consider the Zariski sheaf #” on X which is the sheaf associated to the 
presheaf which to an open set U associates Ht”,(U, Z/2). In [lo], for any smooth connected 
variety X/R of dimension d, and any integer n 2 d + 1, it was shown that 
H&(X, 2”) 2 (Z/2) (0.6) 
and it is readily checked that this statement is a generalization of Witt’s result (0.2) for 
curves. 
Since 1990, result (0.6) has been vastly extended. We refer to [6, 353 for the historical 
details, including the deduction of (0.6) for arbitrary (possibly singular) varieties X/W from 
Cox’s result (0.4). As a matter of fact, (0.4) and (0.6) have now been extended to nearly 
arbitrary schemes in [35]. For the purpose of the present paper, let us however simply quote 
the following result [6; 35, (19.5.1)]. For any variety X/W of dimension d, any integer 
n 2 d + 1 and any integer i, 
k&,(X, SF”) z H’(X(R), Z/2). (0.7) 
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Note that this implies the finiteness of the group Hk,,(X, 2”) for n 2 d + 1. Finiteness in 
the general case is an open question. 
In the present paper, given a connected variety X/R, our object is to further investigate 
the relations between the topology of X(W) (more precisely, the Betti cohomology groups 
H’(X(lR), Z/2)) and various groups of algebraic geometric origin attached to X. As to the 
latter, we consider 
- the Chow group CH,(X) of zero-cycles modulo rational equivalence; 
- the group H’(X, %‘j), for i and j integers; 
- some of the K-cohomology groups H’(X, .X,)7 where xj is the Zariski sheaf on 
X associated to the presheaf which to an affine open set U = Spec A associates 
Quillen’s group Kj(A). 
In Section 1, we first extend the results of [9] to varieties which need not be complete. In 
particular we determine the maximal divisible subgroup D(X) of CH&X). The quotient 
Cl&,(X)/D(X) is expressed simply in function of t. The straightforward arguments rely on 
the results of [9], themselves deduced from Witt’s result for curves. We then study the 
torsion subgroup of CHO(X). If X is smooth, we show that for any positive integer n, the 
n-torsion subgroup of CH,,(X) is finite. For X smooth and affine of dimension at least two, 
the torsion subgroup CH,(X),,,, is isomorphic to (Z/2)‘. For X/W smooth and complete 
with X(W) # 8, the torsion subgroup CH,(X),,,, is isomorphic to (CI/E)q @ (Z/2)“-‘, where 
q is the dimension of the Albanese variety of X. The proof of these various results uses 
Roitman’s celebrated theorem on the torsion of the zero-dimensional Chow group of 
a smooth complete variety over an algebraically closed field. 
In Section 2, we recall some tools and results which will be used in the following sections. 
In particular we recall the local to global spectral sequence 
E$q = HP(X, 2’) * H&+4(X, Z/2) (0.8) 
and the result of Bloch and Ogus [3] regarding this sequence when X is smooth. We also 
quote the precise statements of (0.4) and (0.7), and give some indications on the proof of 
these results. 
In Section 3, we prove that for X/R a connected variety of dimension d, many 
differentials in the Bloch-Ogus spectral sequence (0.8) vanish, and we establish that some of 
the groups HP(X, &“‘) are finite. For X smooth, with X(R) # 8, we have the following 
results. There is an isomorphism 
CHo VW2 L Hd(X(W), Z/2) g (Z/2)’ 
which generalizes Witt’s computation of Pic(X)/2 for X a smooth curve. Explicitly, the 
above isomorphism maps all “complex” closed points to 0, it maps a “real” closed point P to 
0 if the connected component of P is not compact, and it maps P to the characteristic 
function of its component if this component is compact. (In contrast with Section 1, where 
such an isomorphism has already been established, the proof here does not rely on Witt’s 
result for curves.) The cycle map 
MO(X)/2 + H,?,d(X, Z/2) 
is injective. There is a surjective map of finite groups 
Hd_l(X, %d)+Hd-‘(X(R), Z/2) 
and we control its kernel to some extent (Theorem 3.2, Corollary 3.3). If X satisfies 
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H 2d-1 (X,, Z/2) = 0, then there is a surjective map of finite groups 
Hd-‘(X, s’?~)- H”-‘(X(rW), Z/2). 
The proofs of these results involve dimension counting arguments and comparison of the 
spectral sequence (0.8) and of its analogue over C. 
In Section 4, where X/R’ is smooth, we recall a basic exact sequence (4.1) which builds 
upon the Merkur’ev-Suslin theorem and arguments of S. Bloch. From this sequence we first 
deduce a second proof of the finiteness of the n-torsion of CHo(X), independent this time of 
Roitman’s theorem (as a matter of fact, a proof of Roitman’s theorem has already been given 
along these lines). Assume X(R) # 0. From sequence (4.1) we also get a homomorphism 
Ic/: Hd-l(X, xcf)/2 -+ Hd-‘(x@), z/2), 
d = dim X. The kernel and cokernel of this map are to some extent controlled (Theorem 4.2, 
the proof of which is rather delicate). As special cases we find that II/ is an isomorphism if 
X is complete and H 1 (Xc, Z/2) = 0, in particular if Xc is simply connected. The map # is 
also an isomorphism if X is affine of dimension at least two, or if H 2d-1(Xc, Z/2) = 0 and 
X has a smooth compactification with smooth complement. 
All results discussed here over [w actually hold for varieties over an arbitrary real closed 
field R, if classical topology is replaced by semi-algebraic topology. We refer to [4, 15, 161 
for the foundations of the latter. Let us however point out that our results are new even for 
R = 68. 
Notation. Given a scheme X we denote its structure sheaf by 0, or just 0. If x is a point 
of X we denote by k(x) the residue field of the local ring 0x,X at x. If X is integral and x is its 
generic point we also write k(X) for k(x). 
By a variety over a field k we mean a morphism of schemes X + Spec k which is 
separated and of finite type. We let X,, q 2 0, denote the set of scheme points XEX for 
which {x} has dimension q. The free abelian group Z,(X) over X, is called the group of 
q-dimensional cycles on X. The Chow group CHJX) of q-dimensional cycles is the quotient 
of Z,(X) by rational equivalence [18, Section 1.31. The Chow groups CH,(X) are covariant- 
ly functorial for proper morphisms. If the variety X/k is complete then the structure map 
X + Spec k induces the degree map deg : CH,(X) + CHo(Spec k) = Z, the kernel of which is 
denoted by A,(X). Explicitly, under the degree map the class of a closed point PE X is 
mapped to the degree [k(P): k] of its residue field over k. 
Writing X4 for the set of points of codimension q in X and Zq(X) for the free abelian 
group on X4, one similarly defines the Chow groups CHq(X) of codimension q cycles 
modulo rational equivalence. These Chow groups are contravariantly functorial for flat 
morphisms. If X happens to be purely d-dimensional then clearly CH4(X) = CHd-,(X) for 
all q. 
Given an abelian group A and an integer n 2 1, we write .A (resp. A/n) for the kernel 
(resp. the cokernel) of the map “multiplication by n” from A to A. The torsion subgroup of 
A is denoted by A,,,,. 
By R we always denote an arbitrary real closed field, and write C = R(m) for its 
algebraic closure. We denote by [w, resp. C, the field of “usual” real, resp. complex numbers. 
All our results, which in the case of U&varieties are assertions about the classical topology on 
the set of real points, hold over arbitrary real closed base fields if one uses semi-algebraic 
topology. We refer to [4,15,16] for the basic definitions and facts. In particular, we are 
going to use the concepts of semi-algebraic onnectedness, emi-algebraic ompleteness, 
and semi-algebraic (co-)homology groups. If the base field is Iw, the field of classical real 
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numbers, these coincide with the classical notions (semi-algebraic ompleteness corres- 
ponds to compactness). 
Let X be an R-variety. The set X(R) of R-rational points of X has a natural semi- 
algebraic structure, described locally using affine charts (cf. [15]). From the view point of 
semi-algebraic topology, X(R) is nothing exotic, since one has 
LEMMA 0.1. If X is any R-variety then X(R) is semi-algebraically homeomorphic to 
a locally closed semi-algebraic subset of R”, for suitable n 2 0. 
Proof (sketch). For X = [FD” (and hence more generally for quasi-projective X) this is 
seen most easily by removing from [Fn” the hypersurface H = {xi + ... + xf = 0} (P” - H 
is affine and H(R) = 8). In general one can argue as follows: X(R) is a semi-algebraic space 
which is separated (since X is separated) and locally complete. Such a space is regular (see 
[15] for these concepts). By a theorem of Robson [33] it can be embedded semi-algebraic- 
ally into some R”, and the image set of X(R) in R” is necessarily locally closed. 0 
Note in particular that X(R) has only finitely many semi-algebraic onnected compo- 
nents (cf. [4, Theorem 2.4.41). If the variety X is complete then X(R) is complete in the 
semi-algebraic sense, which means semi-algebraically homeomorphic to a closed and 
bounded semi-algebraic subset of some R”. 
1. CHOW GROUPS OF ZERO-CYCLES ON REAL ALGEBRAIC VARIETIES 
Given a variety X over R, we are interested in studying the torsion and the cotorsion of 
CH,,(X) (and also of A,(X) if X is complete). Below they will be related to other invariants 
of X which are more easily accessible, such as the number of connected (semi-algebraic) 
components of X(R) or the dimension of the Picard variety of X. 
Observe that if a variety X is a disjoint union of varieties Xi, then CH,,(X) is the direct 
sum of the CHo(Xi). Therefore we will restrict attention to connected varieties. 
We always write Xc := X x spec RSpec C, and denote the canonical morphism Xc + X by 
rc. We have the following simple 
LEMMA 1.1. Let X/R be a connected variety. Zf Xc is not connected then Xc is a disjoint 
union Xc = YILIYz where both restrictions ~1 y,: Yi + X (i = 1,2) are isomorphisms. In 
particular, X(R) = 8. 
Proof Since x is finite and &ale it is both an open and a closed map. Hence n( Yi) = X 
for every connected component Yi of Xc. Furthermore each induced map ‘II ( yc : Yi + X is 
flat and finite, hence locally free of constant rank ri since X is connected. Since the sum of 
the r; is equal to 2, the result follows. 0 
We start by studying the quotients CH,(X)/n for integers n 2 1. For varieties over C the 
situation is very simple, since one has 
LEMMA 1.2. Let Y be a connected variety over an algebraically closed jield. If Y is not 
complete then CHo( Y) is a divisible group. Zf Y is complete then A,(Y) is a divisible group. 
Proof: Let k be an algebraically closed field and Y a connected k-variety. We shall show 
that, given any two rational points P and Q on Y, the class of the O-cycle P - Q is infinitely 
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divisible in CHo( Y). If Y is a smooth projective curve over k, then the group A,(Y) coincides 
with the group J(k) of the Jacobian variety J of Y, hence is a divisible group. If Y is an 
irreducible complete curve, and Z + Y is its normalization, the induced map Z(k) + Y(k) is 
surjective. From the previous result we conclude that for any two closed points P and Q on 
Y, the class of the O-cycle P - Q is infinitely divisible in CHo( Y). The result extends readily 
to any connected complete curve. Now given any two closed points P and Q on a connected 
variety Y over k, it is well known that there is a connected curve which passes through them 
(e.g. [31, p. 111). 
If Y is complete, this proves that the group A,(Y) is divisible. In the noncomplete case, 
by Nagata’s embedding theorem [27], Y may be realized as an open set in a complete 
connected variety Z. Let A4 be a fixed rational point of Z which is not in Y. Then for any 
point PE Y(k), the class of the O-cycle P - M is infinitely divisible in CHO(Z). Hence the 
class of its image Pe CH,(Y) under the restriction map W,(Z) + CH,(Y) is infinitely 
divisible. 0 
If X is any R-variety then in the sequel we denote the maximal divisible subgroup of 
CHo(X) by D(X). Note that D(X) is contained in A,(X) if X is complete. 
THEOREM 1.3. Let X be a connected R-variety. Denote by S the set of semi-algebraic 
connected components of X(R), and by T the subset of S consisting of the complete components. 
Write s resp. t for the cardinalities of S resp. T (these numbers are jnite, see the remark after 
Lemma 0.1). 
(a) The cokernel of the map A*. * CH,(X,-) + CH,,(X) is canonically isomorphic to (Z/2)T. 
(b) If X(R) Z 0, or if X is not complete, then n*(CHo(Xc)) = 2CH0(X), and thus 
CHo(X)/2 E (Z/2)T. If X is complete and X(R) = 0 then CH0(X)/2 = Z/2. 
(c) If X is complete then n,(A,,(Xc)) = 2Ao(X). Moreover Ao(X)/2 E (Z/2)“-’ if 
X(R) # 8, and A,(X)/2 = 0 ifX(R) = 8. 
(d) Zf X is complete then D(X) = 2A0(X) = n,(A,(Xc)). If X is not complete then 
D(X) = 2CHo(X) = n*(CH,,(X,)). 
Thus, if X is complete, then 
A,(X) E 
D(X) 8 (Z/2)“-’ if X(R) # 8 
D(X) if X(R) = 0 
while for noncomplete X, 
M,,(X) % D(X) 0 (Z/2)’ 
(noncanonical isomorphisms). 
Proof of Theorem 1.3. (a) First assume that X/R is complete. Consider the homomor- 
phism Z,,(X) + (Z/2)’ = (Z/2)’ which maps a real point to the characteristic function of its 
connected component and all complex points to 0. It was shown in [9, Proposition 3.11 that 
this map induces an isomorphism CHO(X)/n,(CHo(Xc)) 1, (Z/2)‘. Let now X be arbitrary. 
By Nagata’s embedding theorem [27] there exists a complete R-variety 8 and an open 
(dense) embedding X G 8 of R-varieties. Let Z := s - X be the closed complement. From 
the localization exact sequence 
C&(Z) + Cz-zo(X) + C&(X) + 0 
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and its analogue for Xc one deduces the exact sequence 
C~,(Z)l~*(C~,(Zc)) -+ CK&%*(CK&)) + CHo(X)/~*(CHo(Xc)) -+ 0. 
Let K resp. L be the set of semi-algebraic onnected components of x(R) resp. Z(R). From 
the complete case of (a) one deduces that CH,(X)/IZ*(CH,,(X~)) is identified with the 
cokernel of the map 
(U2Y + (U2Y 
under which a basis element el, IE L, is mapped to the basis element eftl), wheref: L + K 
denotes the map induced by the inclusion Z(R) c x(R). So this cokernel is (Z/2)K-f’L’. 
A semi-algebraic subset of the complete set x(R) is itself complete if and only if it is closed in 
J?(R). This implies that K -f(L), the set of connected components of x(R) which do not 
meet Z(R), is the set of complete connected components of X(R). Assertion (a) is therefore 
completely proved. 
(b) Since z*z* is multiplication by 2 on CH,(X), one has 2CH0(X) c n*(CH,(Xc)) in 
any case. If X is not complete then equality holds since by Lemmas 1.1 and 1.2, CHO(Xc) is 
divisible. If X is complete and X(R) # 8, there exists a closed point Q of Xc for which n(Q) is 
real. Therefore z*Q = 2n(Q) lies in 2CH0(X). If M is any closed point of Xc, the class of the 
O-cycle M - Q lies in ,4,(X,-), and this group is divisible (1.2) since Xc is connected (1.1). So 
zr,M lies in 2CH,,(X). Finally let X be complete with X(R) = 8. If Xc is disconnected then 
X is a connected complete C-variety (whose C-structure has been forgotten), by Lemma 1.1, 
so the result follows from Lemma 1.2. If Xc is connected then A,(X,) is divisible, and hence 
A,(X) is divisible since 7~~ : A,(Xc) + .4,,(X) is surjective. Whence CH,(X)/% = Z/2. The 
remaining assertions of (b) now follow from (a). 
(c) Let X be complete. If Xc is disconnected the assertions are clear from Lemmas 1.1 
and 1.2. So assume that Xc is connected. Since then A,(X,) is divisible, z*(A,(X,)) contains 
2&(X). The reverse inclusion follows again from K,JC* = 2. If X(R) = 0 then 
A,(X)/~,(A,(X,)) = 0 has already been observed. So suppose X(R) # 0. By the snake 
lemma the exact sequence 
0 - A,(X) - C&(X) 2 z - 0 
and its analogue for Xc induce an exact sequence 
0 + &(X)/n*(&(Xc)) + CK3(X)ln:*(CHo(Xc)) + ‘U2 + 0 
and hence A,(X)/7r,(Ao(X,-)) g (Z/2)“-’ follows from (a). Finally, (d) is immediate from 
Lemma 1.2 and from (a)-(c) above. 0 
In the sequel we denote by G = (1, c} the Galois group of C over R. 
PROPOSITION 1.4. Let X be a connected R-variety. 
(a) Suppose that X(R) # 8 ifX is complete. Then for every integer n 2 1 there is an exact 
sequence 
nCHo(Xc) L .D (X) - H ’ (G CHo (xd)ln. (1.1) 
This sequence is functorial in n in the obvious sense (for m = rn, the mapfrom sequence 
(l.l)for n to sequence (l.l)for m consists ofinclusions in thefirst two positions and of 
multiplication by r in the last position). 
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(b) In particular, the map R* : CHo(Xc) + CHO(X) induces a surjection 
CHo(Xc)t,,,+~ (X),0,, . 
(c) Similarly, when X is complete, for any integer n 2 1 there is an exact sequence 
“‘40(X,) A AX) - H l (G, MXdln. (1.2) 
For complete X, the hypothesis X(R) # 8 in (a) of the proposition cannot always be 
eliminated. For example, sequence (1.1) fails to be exact for every smooth, projective, 
geometrically connected curve X/R of odd genus without a real point. (To see this use 
Geyer’s results in [19].) 
Proof of Proposition 1.4. When Xc is disconnected, the proofs are immediate and will be 
left to the reader. So assume that Xc is connected. First suppose that X is complete. By 
Theorem 1.3(d) one has the exact sequence 
0 - ker(rc,) - A,(X,) L D(X) + 0. (1.3) 
Let u: Xc + Xc be the map induced by complex conjugation. One has 1 + (T* = z*n*, as 
self-maps of ,4,(X,), and therefore the inclusions 
(1 - a,)Ao(Xc) =: im(1 - a.+) c ker(rc,) c ker(1 + a*) 
hold. The group (1 - a,) Ao(Xc) is divisible, as follows from Lemma 1.2. The quotient 
group ker(1 + o*)/im(l - a,) is the cohomology group H ‘(G, A,(Xc)). Therefore one has 
an exact sequence 
0 --* (1 - a,)Ao(Xc) --, ker(rz,) -+ J3 + 0 (1.4) 
where B is a subgroup of H1 (G, Ao(Xc)). Since H ‘(G, A,(Xc)) is killed by 2, it follows that 
(ker a*)/n = B/n injects into H ‘(G, A,(Xc))/n for every integer n 2 1. The exact sequence 
(1.2) now follows from the snake lemma, applied to multiplication of the sequence (1.3) by n. 
The asserted functoriality with respect o n is easy to see. So (c) is proved. 
If X is complete and X(R) # 8 then the inclusion Ao(Xc) c CHo(Xc) induces an 
isomorphism H ‘(G, ,4,(X,)) ; H ‘(G, CH,(Xc)). So in this case the desired sequence (1.1) 
is just sequence (1.2). If X is not complete then the arguments for deriving (1.1) are identical 
with those in the proof of (c), upon replacing A, by CHo throughout. Finally, the 
functoriality of (1.1) shows that “D(X) = z,&,,CHO(Xc)) for all n 2 1 (and even 
“D(X) = I~&CH~(X~)) if n is odd), thus proving (b). 0 
Remark 1.4.1. If X is complete and Xc is connected, one has the exact sequence 
0 - ZAO(XC) - Ao(Xc) 5 AOWC) - 0 
since Ao(X,) is divisible. So there is a surjection H’(G, +lo(Xc))+ H’(G, A,(Xc)). One 
sees from (1.2) and Theorem 1.3 that if Ao(Xc) contains only finitely many elements of order 
n for each n 2 1, the same holds for A,(X). Obviously, this last conclusion remains valid if 
Xc is not necessarily connected. The same is true for noncomplete X if A0 is replaced by 
CH, (and (1.2) by (1.1)). 
Recall now the following result, which is essentially due to Roitman. 
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THEOREM 1.5. Let Y be a connected smooth variety over C. 
(a) For every integer n 2 1 the group ,CHo( Y) is finite. 
(b) If Y/C is in addition complete and J is its Albanese variety, the Albanese mapping 
Ao(Y) --, J(C) induces for every integer n 2 1 an isomorphism .A,( fi ; “J(C). In 
particular, the kernel of the Albanese mapping is uniquely divisible, and 
Ao(Y)t,,, z (Q/Z)2q where q := dime H’( Y, or). 
(c) Zf Y is affine and of dimension at least two, the group CHo( Y) is uniquely diuisible. 
Proof. If Y/C is projective, the isomorphism assertion in (b) is the original statement 
of Roitman. Several proofs have been given for it (Roitman [34]; Bloch [l], [2]; see also 
[7, Section 43 for a variation on Bloch’s second proof). It is well known that dim J = q and 
hence J(C),,,, z (Q/Z)2q. If Y/C is only assumed to be complete, then Y/C is birational to 
a smooth projective variety V/C by Hironaka’s theorem, since the base field C has 
characteristic zero. More precisely, there exists a complete smooth variety Z/C together 
with birational morphisms Z + Y and Z + V. The group A,, is a birational invariant for 
complete smooth varieties ([18, Example 16.1.111; the proof works over arbitrary ground 
fields). The Albanese varieties of V, Y and Z coincide, as follows from the universal property 
of the Albanese [25, p. 411. Comparing the different Albanese maps one deduces assertion 
(b) for Y from assertion (b) for V. 
Statement (c) is a known consequence of Roitman’s theorem together with resolution of 
singularities (compare [24, Lemma 1.11). 
Let now Y/C be an arbitrary smooth connected variety. By Nagata’s embedding 
theorem and resolution of singularities one can realize Y as an open subvariety of 
a complete smooth variety Y/C. Let Z be the closed complement. One has the exact 
sequence 
CH,(Z) + CH,( Y) -+ CHo( Y) + 0. 
In order to show that ,,CHo( Y) is finite, since we know that ,CHo( Y) is finite, it suffices to 
verify finiteness of CH,(Z)/n. The latter follows from Lemma 1.2. 0 
THEOREM 1.6. Let X/R be a smooth connected variety. Let s (resp. t) denote the number of 
semi-algebraic connected components of X(R) (resp. such components which are complete). 
Then 
(a) For every integer n 2 1 the group &Ho(X) is finite. Moreover there is a canonical 
surjection CH,(X),,,, -B (Z/2)’ if X is not complete. This map is an isomorphism tfX is 
afine and dim X 2 2. 
(b) Let X/R be complete, and let q := dimR H ‘(X, CO,). Then there is a noncanonical 
isomorphism CH,(X),,,, z (Q/Z)” 0 (Z/2)“-’ if X(R) # 8, resp. CH,(X),,,, z (O/Z)q 
if X(R) = 8. 
Proof: We can assume that Xc is connected. To prove (a), let X be complete. Since 
H ‘(G, 2A,,(X,-)) + H ‘(G, A,(X,)) is surjective, as remarked in Remark 1.4.1, finiteness of 
J,(X) = “CHo(X) follows from the exact sequence (1.2) in Proposition 1.4, combined with 
Theorems 1.3 and 1.5(a). If X is not complete the same argument works, replacing A0 by 
CHo. Moreover, in this case CH,(X) z D(X) 0 (Z/2)’ by Theorem 1.3, which gives the 
second assertion. For X affine of dimension 2 2 one has D(X)tors = 0 by Proposition 1.4(b) 
and Theorem 1.5(c), and thus CHo(X),,,, E (Z/2)‘. 
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(b) Let X be complete. By Proposition 1.4(b), D(X),,,, = ~.&4,,(Xc)~~~~). Since 
A*Q = 1 + cr* it follows that 
n*@(X),,,,) = (1 + e*)(Ao(X&,). 
Therefore one gets an exact sequence 
0 + ker(n*) n D(X),,,, - D (X)tors 2 Ao(Xc),“,,, - G”(C, Ao(Xc)tors) - 0 
(1.5) 
where fi denotes Tate cohomology. An argument analogous to Remark 1.4.1 shows that 
one has a surjection 
G”(C, zAo(Xc)) -+, fi’(G, Ao(Xc)tors) 
and so the last group in (1.5) is finite by Theorem 1.5. Also the first group in (1.5) is finite, by 
(a) and since it is contained in *D(X) (because of Z,JC* = 2). 
Let J be the Albanese of X, an abelian variety over R of dimension q. Then Jc is the 
Albanese variety of Xc, and the Albanese map A,(X,-) + J(C) is compatible with complex 
conjugation. By Roitman’s theorem (Theorem 1.5) it induces in particular an isomorphism 
Ao(Xc),G,,, z J(R),,,, . If J(R), denotes the semi-algebraic onnected component of the 
identity in J(R) then the abelian group J(R)o,tors is isomorphic to (Q/Z)q. This is clear from 
Lie group theory if R = 08. An algebraic proof which works over an arbitrary real closed 
field is included as an appendix at the end of this paper. 
From the exact sequence (1.5) in which both the left-hand side group and the right-hand 
side group are finite, we conclude that rt*(D(X),,,,) is the maximal divisible subgroup of 
Ao(Xc)& which by the above is isomorphic to (Q/Z)q. So the quotient of the divisible 
torsion group D(X),,,, by a finite group is isomorphic to (Q/Qi, which shows that D(X),,,, is 
itself isomorphic to (Q/Z)q. cl 
Remark 1.6.1. For odd n the finiteness of $Ho(X) is obviously a direct corollary to the 
finiteness of JHo(Xc). Finiteness of “CR*(X) for X/R smooth is known to be a conse- 
quence of work of Merkur’ev-Suslin and Bloch [ll, Corollary 2, p. 7731. For X of 
dimension greater than two and n even, assertion 1.6(a) is new, even its finiteness part. 
Remark 1.6.2. Several authors (Collino, Levine, Pedrini, Weibel, Barbieri-Viale and S. 
Saito) are interested in variants of the Roitman theorem in the singular case. These authors 
introduce a modified Chow group which takes into account the singularities of the variety 
considered. With these variants, in the singular case one should be able to prove similar 
results as in Theorem 1.6. For recent work in this direction and an extensive bibliography, 
one may consult [30]. 
2. SOME REMINDERS 
In this section we are considering sheaf cohomology with coefficients Z/2 on various 
sites. We often omit mentioning the coefficients, in order not to overload notation. Given 
a scheme X we write H”(X) or H”(X, Z/2) for &(X, Z/2). These groups are finite for any 
R-variety X, as one sees from the Hochschild-Serre spectral sequence for the Galois 
covering Xc/X and the (well known) finiteness of the groups H”(X,-). If X = Spec A is affine 
we may also write H”(A) instead of H”(X). Given an R-variety X we write H”(X(R)) or 
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H”(X(R), Z/2) for the semi-algebraic cohomology group H&(X(R), Z/2). Again these groups 
are finite. For R = [w they coincide with the classical (singular or sheaf) cohomology groups 
H”(X(Q Z/2). 
2.1. The Bloch-Ogus spectral sequence 
Let X be a scheme. If A is an Ctale sheaf on X and 4 is an integer, we write Sq(A) for the 
Zariski sheaf on X which is associated to the presheaf U H H&( U, A), U c X open. We will 
mainly be concerned with the case where A = H/2 is the constant sheaf; in this case we 
simply write S4, so that &‘q is the Zariski sheaf associated to the presheaf U H Hq(U). 
Accordingly we write HP(X, %“) for the pth Zariski cohomology group of the sheaf xq. 
Let k be a perfect field of characteristic not 2, and let X/k be a variety of dimension d. 
One has the “local-to-global” spectral sequence 
E,P4 = HP(X, 2”) =z. &+4(X, Z/2) (2.1) 
in which E$q = 0 holds for p > d since the Zariski cohomological dimension of X is at most 
d [22, III 2.7). This spectral sequence was studied by Bloch and Ogus [3], who showed that 
if X/k is smooth then El4 = 0 for p > q. 
If X is integral with generic point 5 and field of functions k(X) = k(t), there is for every 
q 2 0 a natural complex of Zariski sheaves, the Gersten complex: 
0 + %q -+ (it),Hq(k(X)) + @ (ix)*Hq-l(k(x)) + ... + @ (ix)* H”+(k(x)) + 0. 
xeX’ xsXd 
Bloch and Ogus prove that this complex is exact if X/k is smooth. This boils down to 
proving that for any local ring A of X, with fraction field K = k(X), the associated complex 
O+Hq(A)-+Hq(K)+ @ Hq-l(k(x))+...-+ @ Hq-d(k(x))-+O 
XEUl xeUd 
(2.2) 
where U := Spec A, is exact. More generally, this complex is exact if A is a semi-local ring of 
X (see [3; 29, Proposition 2.7 and its proofl or [S]). 
Another consequence of the results in [3] is that for smooth X/k there is a natural 
isomorphism 
for every integer q 2 0. 
CH4(X)/2 z H4(X, 2’) 
2.2. Relations between &ale cohomology over R and over C 
Let X/R be a variety. Recall that x : Xc + X denotes the natural projection. One has the 
exact sequence 
0 + Z/2 + n*(Z/2) + Z/2 + 0 (2.3) 
of itale sheaves on X, given by the augmentation (or “trace”) n,(Z/2) + Z/2. This sequence 
gives rise to the long exact sequence of &tale cohomology groups 
. . *H4(X, Z/2) - ICS H4(Xc, Z/2) -zH4(X,Z/2) “S’H4+r(X,Z/2)... (2.4) 
since the direct image functor Q is exact for &tale sheaves. The boundary maps from 
H4(X, Z/2) to H q+ ‘(X Z/2) in (2.4) are cup-product with ( - 1)~ H’(X, Z/2), the class 
which is the image of : 1 under the Kummer map O(X)* + H ‘(X, p2) = H’(X, Z/2) [35, 
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(7.10.1)]. If d = dim X, the sequence (2.4) terminates with 
. ..H2d(X.2/2)~H2d(XC,2/2)COI-,H2d(X,2/2) “=‘H2d+i(X,Z/2)+ 0 (2.5) 
and consists of isomorphisms Hq(X, Z/2) ; Hq+i(X, Z/2) in degrees 4 > 2d, since 
Hq(Xc, Z/2) = 0 for q > 2d [26, VI.l.l, p. 2211. 
LEMMA 2.2.1. Let X/R be a variety of dimension d. Let .n.&Fq denote the Zariski sheaf on 
X which is the direct image of the sheaf Sq on Xc under n. 
(a) Zf X is smooth, one has isomorphisms HP(X, x.+x4) z HP(Xc, zq) of Zariski co- 
homology groups for all integers p, q. 
(b) The sequence (2.3) induces an epimorphism of Zariski sheaves Sd + Sd+l and 
isomorphisms 24 ; Sq+ ’ for q 2 d + 1. If X is smooth, it also induces an exact 
sequence of Zariski sheaves on X 
. ..#q--+n*~q-+&@q_)#q+l+ *.. +7t*~d-&d.+~dfl+O. (2.6) 
Proof We first show that if X is smooth, then RP+#‘q = 0 holds for all integers p, q 
with p 2 1, as Zariski sheaves on X. Given a point XEX, the stalk of RPn,&‘q at x is the 
Zariski cohomology group HP@, $+Yq), where A is the semi-localization of Ox, in the points 
of the fibre R- ’ (x). From the exact sequence (2.2) one concludes that this group vanishes for 
p > 0. 
Assertion (a) is a direct consequence of this. To prove (b), let rc/ be the canonical site 
morphism Xct + Xzar. Then clearly Hi = R’$,(Z/2). Since R’t,k, (7t,Z/2) is the Zariski 
sheaf on X associated to the presheaf U - H’(U,-), and since H’(Uc) = 0 for i > d and 
every open affine U c X [26, VI.7.2, p. 2531, the first assertion of(b) follows from the long 
exact sequence derived by applying +, to (2.3). If X is smooth then R’$,(a,Z/2) = 7~.,$‘~ 
since RPn,#q = 0, p 2 1. Hence the sequence (2.6) is just (the beginning of) the long exact 
sequence derived from (2.3). 0 
Part (a) of Lemma 2.2.1 is contained in Proposition 2.7 of [29]. 
LEMMA 2.2.2. Let XfR be a smooth connected variety of dimension d. If X is complete 
assume also X(R) # 8. Then the map H 2d(X, Z/2) + Hzd+’ (X, Z/2) in (2.5) is an isomorphism. 
Proof If X is not complete this follows from HZd(XC) = 0 [26, V1.11.5, p. 2831 and the 
sequence (2.5). So assume X complete, let P E X(R). One has the commutative square 
Hjd(X) + H’“(X) 
1 1 
H;d(Xc) + H 2d(XC) 
in which the vertical arrows are the restriction maps. By purity, the left vertical arrow is an 
isomorphism Z/2 ; Z/2, and so is the lower horizontal arrow. One concludes that the 
restriction map H 2d(X) + H 2d(XC) is surjective, and the assertion follows from the exact 
sequence (2.5). 0 
2.3. Some fundamental results 
Let A be a ring. The real spectrum of A, denoted Spec,(A) (e.g. [12; 4, Ch. 7]), is the space 
of all pairs (p, ~1) consisting of a prime ideal p of A and an ordering CL of the residue field of p. 
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If X is any scheme and (Vi} is a covering of X by open affine subschemes, one can glue the 
real spectra of the rings O,(Ui) to a topological space X,, the real spectrum of X. The 
construction does not depend on the choice of the covering. The elements of X, are the pairs 
(x, cz) with x E X and c1 an ordering of k(x). 
The map (x, c() H x from X, to X is continuous. It is called the support map, and we 
denote it by q. 
Let X be an R-variety. Then semi-algebraic ohomology H”(X(R), Z/2) coincides with 
sheaf cohomology H”(X,, Z/2) on the real spectrum. (Actually the categories of semi- 
algebraic sheaves on X(R) and of sheaves on X, are equivalent [17, p. 2961.) 
For every integer n 2 0 there is a natural homomorphism 
H”(X) -+ HO(X(R)) = HO(X,, Z/2) (2.7) 
constructed in [lo, 2.11. By sheafifying (2.7) one gets a map of Zariski sheaves on X, 
2”” + (p*n/2. (2.8) 
The main theorem of [lo] can be reformulated by saying that if X/R is smooth of 
dimension d, the maps (2.8) are isomorphisms for n 2 d + 1. 
Actually much more can be said. Let X/R be an arbitrary variety. Let again G denote the 
Galois group of C/R. The set X(C) of C-rational points of X is a semi-algebraic space over 
R on which G acts by complex conjugation. So in particular the G-equivariant semi- 
algebraic cohomology groups &(X(C), Z/2) are defined. 
THEOREM 2.3.1. Let X be any R-variety of dimension d. 
(a) For every integer n one has a natural isomorphism 
H”(X, H/2) S HE(X(C), Z/2). 
(b) For every integer n one has a natural homomorphism 
h : H”(X, Z/2) + H;(X(R), h/2) = 6 H’(X(R), Z/2) 
i=O 
(2.9) 
which for n > 2d is an isomorphism H”(X, Z/2) ; @id_oHi(X(R), Z/2). For n = 2d, 
(2.9) is surjective. 
For R = Iw this theorem is due to Artin-Verdier-Cox, see [13]. In Cox’s paper the 
(weak) Ctale homotopy type of X is identified, which is much finer an invariant than the 
Ctale cohomology H *(X, Z/2). Part (a) of Theorem 2.3.1 comes out in [ 131 as an immediate 
corollary, and (b) is derived there from (a) using some standard topological techniques from 
equivariant bundle cohomology. A more direct proof is available for (a) (still over R = W), 
which does not refer to &ale homotopy at all. Indeed, (a) is for R = [w an almost immediate 
consequence of the comparison theorem between &ale and classical cohomology of com- 
plex varieties, together with a spectral sequence argument. See [35, (15.3)]. 
For general real closed fields R, several proofs of Theorem 2.3.1 are available. Either [35, 
(15.3)] one may copy the direct proof of (a) just mentioned, with the proviso that the 
analogue of the comparison theorem has been established over R (which has indeed been 
done, see [23]). Then one can develop semi-algebraic substitutes for the methods used in 
[13] to derive (b) from (a). Alternatively, one can give a completely algebraic treatment of 
Theorem 2.3.1. This is carried out in [35, Part One, see in particular Section 73. No 
comparison theorems (of the type “classical versus etale cohomology of complex varieties”) 
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are used, and a purely algebraic construction of the homomorphism (2.9) is given. We 
remark that this method is extended in [35] to nearly arbitrary schemes and @tale) sheaves 
of coefficients. 
THEOREM 2.3.2. Let X be an R-variety of dimension d. 
(a) 7’he additive functor q* is exact, i.e. RPq,F = 0 for every sheaf F on X, and every 
p2 1. 
(b) For every n 2 d + 1 the map (2.8) is an isomorphism z?” ; (p&2. Moreover 
Hd + (p*Z/2 is surjective. 
(c) For all integers n and p the map (2.8) induces a map in cohomology, 
HP(X, F) + HP(X(R), Z/2). (2.10) 
This map is an isomorphism if n 2 d + 1. 
Here (c) is a direct consequence of (a) and (b). Assertion (a) actually holds for an arbitrary 
scheme X, and says essentially that all higher sheaf cohomology on the real spectrum of 
a local ring vanishes. See [35, (19.2)] for a proof. Part (b) is an easy consequence of (a) and of 
Theorem 2.3.1(b) if one bears in mind the sheaf maps %d+&‘d+l; %‘d+2 
; . . . ; # 2d + ’ of Lemma 2.2.1 (b). 
We refer to L-353 for a discussion of the lines between these theorems and earlier results 
in the literature (by Cox, Arason, Colliot-ThClene/Parimala, . . . . see in particular Section 
20.4 of [35]), as well as for extensions of these facts to much more general contexts. 
Remark 2.3.3. If the R-variety X is smooth, a much easier proof is available for Theorem 
2.3.2, which does not make use of Theorem 2.3.1. As explained before, it suffices to prove (b). 
We may assume X connected. Let n 2 0 be an integer. According to the result of Bloch and 
Ogus, one has an exact sequence 
0 + 2” + H”(R(X)) + @ (i&H”-‘(R(x)) (2.11) 
xeX’ 
of Zariski sheaves on X, where i, is the inclusion {x> c X. There are canonical maps 
H”(R(X)) + H’(Spec, R(X), Z/2) and II”-‘(R(x)) + H’(Spec, R(x), Z/2) (2.12) 
for x E X ‘, which by a theorem of Arason are isomorphisms if n 2 d + 1; see [lo, Theorem 
1.2.41. On the other hand, one sees by elementary means that there is a canonical exact 
sequence 
0 + (P,Z/~ -, H’(Spec,R(X), Z/2)--t @ (i,),H’(Spec,R(x), Z/2) 
X6X 
(2.13) 
of Zariski sheaves on X. (See [36, Section 21 for the extension of (2.13) to a resolution of 
(p*Z/2.) It is not hard to verify that the maps (2.8) and (2.12) define a map from sequence 
(2.11) to sequence (2.13). Hence for n 2 d + 1, (2.8) is an isomorphism, which was to be 
shown. Note that this proof is also much simpler than the one given in [lo]. 
Remark 2.3.4. In the situation of Theorem 2.3.2 one can show that for every even integer 
m > 0 and every integer j the canonical maps of Zariski sheaves on X 
~“(&?j) --) ‘p*Z/2 
are isomorphisms for n 2 d + 1, while ~“(~~j) = 0 for n 2 d + 1 if m is odd. The case 
m odd is obvious from its analogue over Xc; for even m see [35, (19.5)]. 
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Remark 2.3.5. Let X/R be a smooth variety. For every integer n 2 0 the sheaf map 
Z” + q&2 in (2.8) induces a homomorphism in degree n cohomology, 
U”(X)/2 = H”(X, P) --) H”(X, (p&2) = H”(X(R)). 
This map is nothing but the (real) cycle map as constructed (over R = [w) by-Bore1 and 
Haefliger [S], which associates to every closed subvariety of X of codimension n its 
fundamental class. See [36, 3.51. 
3. PARTIAL DEGENERATION IN THE BLOCH-OGUS SPECTRAL SEQUENCE; RELATIONS 
BETWEEN COHOMOLOGY OF THE SHEAVES 2” AND COHOMOiOGY OF X(R) 
In this section we are using the results mentioned in the previous section. For smooth 
varieties, some of the results of Section 1 will be proved anew. We are following a different 
approach here, which actually allows us to obtain an independent proof of the results of [9] 
(in the smooth case, see Theorem 3.2 (d) below), and even of those by Weichold and Witt, on 
which [9] relies. 
THEOREM 3.1. Let X be an R-variety of dimension d. 
(a) The groups Hd- ‘(X, Zd) and Hd(X, S”) are finite. 
(b) In the local-to-global spectral sequence (2.1), all differentials d,, r 2 2 whose target 
(p, q) satisjes q 2 d + 1 are zero. 
Proof: Since Efq = H’(X, 2”) is finite whenever q > d (Theorem 2.3.2 (c)), assertion (a) 
follows from the fact that E$‘r = 0 for p > d (see Section 2.1). 
For differentials ending in the area p + q 2 2d + 1, assertion (b) follows by comparing 
the dimensions of the &-terms with the dimensions of the limit terms, using The- 
orems 2.3.1(b) and 2.3.2(c) (and the vanishing of E!q for p > d). The vanishing of the 
differentials in the remaining cases is reduced to this as follows. The maps %q -+ Zq+ 1 
from the exact sequence (2.6) induce maps fi : HP(X, 2”) + HP(X, JP+ ‘) for all integers 
p, q. These mapsf, commute with the differentials d,. Moreover for all r 2 2 and all integers 
p, q they induce maps 
which commute with the differentials d,. To see this, write briefly 0 + A + A’ + A -+ 0 for 
the exact sequence (2.3) of Ctale sheaves. Consider the complex K which is 0 -+ A + A’ + 0 
(with A in degree 0), and the natural complex morphism K + A given by the identity in 
degree 0. Hypercohomology of K is cohomology of A shifted by one, and the map K + A 
realizes the boundary maps associated to (2.3). The map K + A induces a morphism f of 
spectral sequences, which is what is considered above. 
Assume that we already know the vanishing of all d, whose target (p, q) satisfies q > n, 
where n 2 d + 1 is a fixed integer. (For large n, e.g. for n 2 2d + 1, this is true by the above.) 
Then we get inductively the same assertion for all d, ending on the line q = n. Indeed, by 
induction over r one verifies easily that fr: Ej”’ + Ep,“+l is injective for all p, and that the 
d, which ends in (p, n) is zero. The hypothesis n 2 d + 1 is needed to get the inner induction 
started; indeed we know that f2 : Eq” + Ef*“’ ’ is even an isomorphism for these n, by 
Lemma 2.2.1(b). 0 
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Remark 3.1.1. One can show that there is a morphism of spectral sequences from the 
local-to-global sequence (2.1) to the spectral sequence E” of equivariant cohomology, 
i?J4 = HP(X(R)) =z- Hz+q(X(R)) = @ H’(X(R)). 
i=O 
All differentials in l? are zero [21, Theorem 4.4.1, p. 1941. On E,-terms the morphism in 
question consists of the maps HP(X, xq) + HP(X(R)) of (2.10). On the limit terms it 
consists of the maps h from (2.9) (this will be used in the proof of Theorem 4.2). Using this 
fact, Theorem 3.1(b) is proved easily without counting dimensions. See [35, (19.7) and 
(19.8)]. 
THEOREM 3.2. Let XfR be a smooth connected variety of dimension d. If X is complete, 
assume also that X(R) # 0. Let t = dim Hd(X(R)) be the number of complete semi-algebraic 
connected components of X(R). 
(a) Thegroups HP(X, xd) arefinitefor p 2 d - 2; moreover, Hde3(X, 2’) isfinite ifand 
only if the group Hd-l(X, Zd-l) g CH1(X)/2 isJinite. 
(b) In theBloch-Ogus spectral sequence (2.1) all diflerentials d, (r 2 2), whose target (p, q) 
satisfies q 2 d + 1 or (p, q) = (d, d), vanish. 
(c) The cycle map CHd(X)/2 -+ Hzd(X) is injective. 
(d) The map Sd + %d+’ of (2.6) induces an isomorphism in degree d cohomology 
CH,(X)/2 = Hd(X, Zd) _L Hd(X, xd+‘) = Hd(X(R)) z (Z/2)’ (3.1) 
and an epimorphism in degree d - 1 cohomology 
Hd-l(X, J$?~)-wH~-~(X, Sd+‘) = Hd-l(X(R)). (3.2) 
(e) The kernel of(3.2)jits into an exact sequence 
O+im(H 2d-1(XC)+ Hdml(X, 3Epd))+ ker(Hd-‘(X, #d)-+,Hd-l(X(R))) 
7? 
--, CHo(X)/2 + CH,(Xc)/2 + 0. 
Assertions (a)-(c) of the theorem remain true if X is complete and X(R) = 8. By 
a functoriality argument one easily gets from (d) the additional information that the 
isomorphism (3.1) has the explicit description one would expect: it maps a real closed point 
to the characteristic function of its connected component in X(R), provided this component 
is complete, and maps it to zero otherwise, as it does with all complex closed points. (Take 
a closed point REX and compare the isomorphism CH,(X)/2 ; Hd(X(R)) with the 
isomorphism CHo(X - P)/2 ; Hd((X - P)(R)). If P is a complex point, or a real point in 
a noncomplete component, this gives P H 0. If P is real and lies in a complete component, 
it shows that P maps either to 0 or to the characteristic function of the relevant component. 
Assuming P H 0 would mean that P is divisible by 2 in CHO(X). By the localization 
sequence, CH,(X)/2 + CHo(X - P)/2 would then have to be an isomorphism. That this is 
not so is again shown by assertion (d) of the theorem.) 
Proof of Theorem 3.2. Let K be the exact sequence (2.6), considered as a complex of 
Zariski sheaves on X, i.e. K is the complex 0 + K” + K’ + ... with K” = Ho, 
K’ = z,+#‘~ etc. As for any complex of sheaves, one has a hypercohomology spectral 
sequence 
Efq = HP(X, Kq) * Wp+q(X, K) (3.3) 
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which converges against the hypercohomology of the complex. Since K is exact, the limit 
terms W”(X, K) = 0 for all n. We are going to analyze part of this spectral sequence more 
closely, so for convenience let us explicitly write down the relevant part of (3.3) on the 
E,-level: 
0 -+ 0 + 0 -+ 0 + 0 -PO 
0 -+ H"(X,=@l % Hd(Xc,@) 9t H“(X,2=? b Hd(X,Z'Od+') + 0 
Hd-l(X,Zd-') --. Hd-l(X,_?Pd) % Hd-l(XC,&'d) b Hd-l(X,Sd) y> Hd-'(X,x'+') -+ 0 
. + Hd-'(X,c?Yd) t Hd-2(X,2'd+') --t 0 
(3.4) 
The arrows in (3.4) are the dl-differentials, to which we refer by the labels indicated in the 
diagram (3.4). According to Bloch and Ogus (see Section 2.1), we have Hd(X, %d-1) = 0, 
which accounts for the left-hand zero on the second line. On the right-hand side, if one goes 
further down and to the right, there are only zeros, and similarly on the left, if one goes 
further up and to the left (upper two lines and above). 
Consider the map E. By the Bloch-Ogus results, CI is identified with 
Z* : CH,(X)/2 + CHo(Xc)/2. We claim that c( is surjective. If X is not complete this is trivial 
since CH0(Xc)/2 = 0 (Lemma 1.2). If X is complete then CH,(X,)/2 = Z/2, and the class of 
any real point PEX(R) maps to the nonzero element in this group. 
Since tl is surjective and /I 0 c( = 0, fl must be zero map. By the shape of (3.4), and since 
this spectral sequence converges against 0, it is clear that y is surjective and that 
ker y = im p. So y is an isomorphism, and again from (3.4) one concludes that y’ must be 
surjective. Thus (d) is proved. Note that this gives, in the smooth case, a different approach 
to the results of [9] and of Section 1. 
We prove (a)-(c). The only new assertions in (a), compared with Theorem 3.1 (a), are that 
Hd-‘(X, Zd) is finite and that Hdm3(X, Yd) is finite if and only if CH1(X)/2 is finite. Both 
are clear from the finiteness of HP(X, 2’) for q > d and from the shape of the Bloch-Ogus 
spectral sequence (2.1), since Hd(X, %‘-l) = 0 by smoothness of X (2.1). (In Parimala’s 
article [28] one can find sufficient geometrical conditions on X for CH, (X)/2 to be finite, in 
the case of dimension d = 3). To prove (b), note that in view of Theorem 3.1(b) the only 
point to show is that all differentials going to (d, d) vanish. One has a commutative diagram 
Hd(X, %d)-%Yd(X, xd + ’ ) 
1 1 
HZd(X) A HZd+‘(X) 
in which the vertical maps are the edge maps from (2.1) and the bottom map is the 
isomorphism of Lemma 2.2.2. The right vertical map is injective by Theorem 3.1(b). Since 
y was already shown to be an isomorphism, we conclude that the edge map 
Hd(X, Zd) + H 2d(X) (which is identified with the cycle map in (c)) is injective, which settles 
(b) and (c). 
It remains to prove (e). Since Hdel(XC, 3Yd) = H 2d- ‘(Xc), the point here is to show 
that the differential 
d2 : ker(cr) + ker(y’)/im(/I’) (3.5) 
which arises from (3.4) is bijective. Then the exact sequence whose existence is claimed in (e) 
is the obvious exact sequence 
O-imp --+ ker y’ - d” Hd(X, &d) & Hd(Xc, Sd) - 0. 
From the shape of (3.4) and the fact that the abutment of the spectral sequence is zero it is 
clear that (3.5) is surjective. Injectivity of (3.5) will result from carefully keeping track of the 
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dimensions of the groups involved. We have a commutative diagram as follows: 
w-1(X, _P)_i_+ Hd_l(XC, 3Pd) 8’ Hd_l(X, JPd)y’_ Hd_l(X, sd+l) -0 
‘I “1 ‘1 
HZd-l(x) 3 HZd-l(xC) COT_ H2d-l(x) =&2d(X) res H2d(XC) + 0 
(3.6) 
The top row is part of (3.4), and is a complex. The bottom row is part of (2.4), and is exact by 
Lemma 2.2.2. The vertical maps in (3.6) are edge morphisms from the Bloch-Ogus spectral 
sequences. All groups in (3.6) are finite (see Theorem 3.1). 
Put E := dim ZII~~(X~), soE = 1 if X is complete and E = 0 if X is not. Let 
u := dim(ker e) and w := dim(im car) 
where e and car refer to diagram (3.6). Put bi := dim H’(X(R)) and b, := b0 + 1.. + bd. By 
Lemma 2.2.2 and Theorem 2.3.1 (b) we have dim i?12d(X) = b,. From the bottom row of (3.6) 
one concludes 
dim H2d-‘(X) = w + b, - E. (3.7) 
The Bloch-Ogus spectral sequence gives a filtration on If 2d- l(X) whose bottom part is the 
image of e and whose other filtration quotients are the E&2d- ’ -i, i = 0, . . . , d - 2. Using 
Theorem 2.3.2(c) one gets 
d-2 d-2 d-2 
dim(c&er e) = c dim EL2d-1-i < c dim E$2d-1-i = (3.8) 
i=O i=O 
i;O bi* 
Actually equality holds here, as follows from (b), but we do not need this. Putting together 
(3.7) and (3.8) we see from (3.6): 
dim Hd-‘(X, %d) = dim(ker e) + dim H2d-1(X) - dim(coker e) 
d-2 
Hence 
>u+W+b*-E- C bi=U+W-&+bd_l+bd. 
i=O 
dim(ker 7’) = dim Hdel(X, 2’) - dim Hd-l(X, Hdfl) 
2(U+W-E+bd-l+bd)-bd-l=U+W-&+bd. (3.9) 
Let v’:= dim(im p’ n ker e), so 0 I i? I u. One gets from (3.6): 
dim(im /3’) = dim(im(e 0 /Y)) + dim(im 8 n ker e) = w + 5. (3.10) 
Now dim(ker a) = dim Hd(X, #d) - dim HZd(X,-) = bd - E, by what has been shown 
earlier. On the other hand, (3.9) and (3.10) together give 
2 (U - 6) - E + bd 2 bd - & = dim(ker a). (3.11) 
Since (3.5) is a surjection ker a-w ker(y’)/im@‘), it follows that all terms in (3.11) must be 
equal, and hence that (3.5) is an isomorphism, as was to be shown. Note in passing that we 
obtained the additional information that z? = u, which means that the kernel of e is 
contained in the image of /I’. 0 
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Remark 3.2.1. Using the notation introduced in the last proof, it follows from Theorem 
3.2 that 
dim HdP1(X, xd) = bd + d&l - E + dim(im p’). 
Moreover, let again e : Hd- '(X, %d) + H “-l(X) denote the edge map coming from the 
Bloch-Ogus spectral sequence. From the proof of Theorem 3.2 one sees that there is an 
exact sequence 
0+kere+im/I’+im(cor:H2d-1(XC)+H2d-1(X))-+0. 
In particular, if e is injective, this gives an isomorphism im( fi’) z im(cor). For example, this 
is the case if d I 2. 
Remark 3.2.2. In the special case when X/R is a smooth surface, Theorem 3.2 shows that 
all groups in the Bloch-Ogus spectral sequence are finite, and that the whole spectral 
sequence degenerates at the E2 level. For smooth surfaces X over the real reals R with X(R) 
compact, this had been observed in [lo]. 
In the case when H 2d- ’ X ( ,-) = 0 we get the following consequences from the theorem. 
Write again t for the number of complete connected components of X(R) and 
E := dim HZd(XC), which is 1 if X is complete and 0 if not. 
COROLLARY 3.3. Let X be a smooth connected R-variety of dimension d. If X is complete, 
assume that X(R) # 8. Suppose H 2d- ‘(XC) = 0. Then: 
(a) In the Bloch-Ogus spectral sequence (2.1), all dtferentials d,, whose target (p, q) 
satisjies q 2 d + 1 or (p, q) = (d, d) or (p, q) = (d - 1, d), are zero. 
(b) The map Hd-‘(X, xd) + Hd-‘(X(R)) of (2.10) is surjective. 
(c) There is an exact sequence 
Proof: Assertion (c) is immediate from (d) and (e) of Theorem 3.2. To prove (b), consider 
again the spectral sequence (3.3), and in particular diagram (3.4). By Theorem 2.3.2(c), 
assertion (b) is equivalent to surjectivity of the arrow labelled y” in (3.4). All higher 
differentials d,, r 2 2, in the spectral sequence (3.3) coming to the position of 
Hd-‘(X, JP~+‘) in (3.4) are zero: the arrow d2 because it comes from a subquotient of 
Hd- ‘(Xc, sd) = HZd- ‘(Xc) = 0, the arrow d3 because the map (3.5) was shown to be an 
isomorphism in the proof of Theorem 3.2, and d, for r 2 4 because it comes from the zero 
group. Since the abutment of the spectral sequence is zero, y” is surjective. For (a) it must 
only be shown that all differentials of (2.1) which go to (d - 1, d) vanish. From the 
hypothesis H 2d- ‘(Xc) = 0 it follows that 
dim H2d-1(X) = b, - E 
using the exact sequence (2.5), Lemma 2.2.2 and Theorem 2.3.1(b). (Again we write 
bi = dim H’(X(R)) and b, = C bi.) On the other hand, in the spectral sequence (2.1) we have, 
by Theorem 2.3.2(c) and by (c) above: 
d-l 
& dim Ei2d-‘-i = b,, + +.. + bd-2 + dim HdW1(X, 31Pd) = b, - E 
which is also the dimension of the limit term H 2d-1 (X). Hence all differentials ending on the 
line p + q = 2d - 1 must be zero. 0 
TOP 35:2-S 
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Remark 3.3.1. The condition H2’-’ (Xc) = 0 is satisfied if X is affine of dimension d 2 2 
[26, VI.7.2, p. 2531. If X/R is complete (and smooth) it is equivalent hat Pic(Xc) contains no 
2-torsion, since H 2d-1(Xc) is Poincare dual to H’(Xc) z 2Pic(Xc). 
Remark 3.3.2. Let X/R be a smooth surface. The group H’(X, x2) can be identified 
with the 2-torsion subgroup of the Brauer group Br X. So (b) above says that if H3(Xc) = 0, 
then for any decomposition X(R) = ULI V into disjoint open semi-algebraic sets there is 
a class in 2Br X which is equivalent o the quaternions in Br(R) when evaluated at a point of 
U and is trivial when evaluated at a point of V. If R = Iw and X(R) is compact, this fact was 
established in [lo, Proposition 3.123. It is an open question whether the above property 
may fail if H 3(Xc) # 0. 
Remark 3.3.3. As pointed out in Remark 2.3.5, the composite map 
CH,(X)/2 = Hd-l(X, Zd-‘) --+ Hd-l(X, Sd)+ Hd-‘(X(R)) 
is the cycle map of Borel-Haefliger. One wonders whether the above techniques can be used 
for deriving criteria under which this map is surjective. For d = 2 one knows that this map is 
not in general surjective. On this subject see Silhol’s book [38, Ch. III], as well as the articles 
[32, 373. 
4. K-COHOMOLOGY AND COHOMOLOGY OF THE REAL POINTS 
Given a scheme X one denotes by -Xi the Zariski sheaf on X which is associated to the 
presheaf which associates to every open U c X the ith Quillen K-group Ki(T(U, Ox)). Let 
k be a field and X a smooth k-variety. For each integer n 2 1 prime to the characteristic of 
k and each positive integer i one has an exact sequence 
0 ~ Hi-‘(X, .Xi)/n ~ Hi-‘(X, ~“‘(~I’)) ~ nCHi(X) ~ 0. (4.1) 
The sequence (4.1) is constructed using arguments of Bloch and the Merkur’ev-Suslin 
theorem; see 17, Section 33. 
This sequence leads to another proof of the finiteness result in Theorem 1.6(a): 
THEOREM 4.1. Let X be a connected smooth R-variety of dimension d. For every integer 
n 2 1 the n-torsion subgroup of CH,(X) isfinite. 
Proof: It suffices to take the sequence (4.1) for i = d and to observe that the groups 
Hd-‘(X, $fd( @“)) are finite. This finiteness follows from the spectral sequence 
El4 = HP(X, ~P”(p,f@~)) = Hep1+“(X, /A$“) 
by the same arguments as in the proof of Theorem 3.2(b): the groups E,Pq are zero for p > q 
by Bloch-Ogus, the limit terms HE(X, pId) are finite (by the analogous fact for Xc and 
Hochschild-Serre), and E2” is finite for q 2 d + 1 by Remark 2.3.4 and Theorem 2.3.2. 0 
An even easier argument shows that also ,CH ‘(X) is finite for every n 2 1, but this was 
already observed in [ll, Corollary 21. 
We are now going to study the case n = 2 more closely. Let X/R be a smooth connected 
variety of dimension d. If X is complete, assume X(R) # 0. Denote by 
a: Hd-l(X, Zd) -N 2CHo(X) 
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the map constructed in (4.1). Following the notation in diagram (3.4) we denote by 
/Y:HZd-l(Xc) = Hd-l(XC, Y?d) + Hd_l(X, %d) 
the map induced by +Y#‘~ + Zd in cohomology of degree d - 1, cf. Lemma 2.2.1. One the 
other hand, let II/ be the composite map 
$:Hd-l(X, xx,)/2 GHd-‘(X, xd) -,> Hd-l(X(R)) 
where the first arrow comes from (4.1) and the second is (3.2). Recall also that D(X) denotes 
the maximal divisible subgroup of CHO(X). We are particularly interested in obtaining 
criteria under which 1+9 is surjective. 
THEOREM 4.2. With these hypotheses and notations we have: 
(a) The image of a 0 /I’ is contained in $(X). 
(b) There is a natural exact sequence 
O-ker+- im /I’& 2wv - coker + - 0. (4.2) 
In other words: The kernel (resp. the cokernel) of II/ is isomorphic to the kernel (resp. the 
cokernel) of the restriction im@‘) + 2D(X) of a. 
For the image of /I’ see also Remark 3.2.1. Before we go into the proof of the theorem we 
draw some immediate consequences: 
COROLLARY 4.3. Assume that XfR is a smooth connected variety of dimension d, with 
X(R) # 8 if X is complete. 
(a) If H 2d-1(Xc) = 0 then the map $I: Hdel(X, x,)/2 + HdV1(X(R)) is injective, and 
coker($) g 2D(X). 
(b) If CHO(Xc) is 2-torsion free then $ is surjective, and ker($) g im(p). 
(c) In particular, ifeither X/R is complete with H1 (X,-) = 0, or ifX is afJine of dimension 
d 2 2, then $ is an isomorphism Hd-‘(X, %-X,)/2 z Hdml(X(R)). 
Proof Assertions (a) and (b) follow directly from Theorem 4.2, bearing in mind that 
CKI (X&s surjects onto D(X),,,, (Proposition 1.4(b)). The hypotheses of (c) imply the 
hypotheses of both (a) and (b): if X is affine, dim X 2 2, this follows from [26, VI.7.2, p. 2531 
and Theorem 1.5(c). If X is complete, then H1 (Xc) is Poincare dual to Hzd- ‘(Xc), and is 
isomorphic to 2Pic(Xc). If this group vanishes then the Picard variety - and hence also the 
Albanese variety - of Xc is trivial. By Roitman’s theorem (Theorem 1.5) this means that 
CHo(Xc) has no torsion. 0 
Examples 4.3.1. Consider smooth proper varieties X/R with X(R) # 8. Corollary 4.3(c) 
applies to any such X for which Xc is simply connected, the precise condition being that 
H’(X, 0,) = 0 and that there is no 2-torsion in the NCron-Severi group NS(Xc). Such is 
the case for smooth complete intersections X in projective space if dim X 2 2, for smooth 
projective rational surfaces, for K3-surfaces. In all these cases the map 
Hd-‘(X, %X,)/2 + Hd-‘(X(R)) is an isomorphism. If X/R is an Enriques surface with 
X(R) # 8 then CHO(Xc) is torsion-free and H3(Xc) = Z/2. Hence II/ is surjective in this case, 
and the kernel is either trivial or Z/2, depending on whether car : H 3(Xc) + H 3(X) is zero or 
not. 
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Proofof Theorem 4.2. By [ll, Proposition l] the map a fits into a commutative diagram 
Hd_‘(X, Jfd) A> &H,(X) 
“1 I” (4.3) 
H2d_l(X) --% H2d(X). 
Here e is the edge morphism arising from Bloch-Ogus, and p is the (restriction of the) cycle 
map in Ctale cohomology, which is also the composite map 
2CHOW) - CH,(X)/2 = Hd(X, Jt?d) * HZd(X). 
Moreover, b is the Bockstein morphism for the short exact sequence 
1 -‘/$d-&Jd+/.$% 1 
of &tale sheaves on X. (Of course, ppd is canonically identified with the constant sheaf Z/2.) 
As before write G = Gal(C/R) = { 1, cr}. Let Z(1) denote the semi-algebraic G-sheaf on 
X(R) whose underlying sheaf is the constant sheaf Z, on which CT acts by sending n to - n. If 
M is any G-sheaf on X(R) and i is any integer write M(i) := M 8 Z(l)@ ‘; that is, M(i) is M if 
i is even, and is M @ Z(1) if i is odd. 
Consider the following obvious exact sequence of G-sheaves on X(R): 
0 + z/2 + (2/4)(d) --f h/2 --+ 0. (4.4) 
Let 8 : H;(X(R), Z/2) + Hz+‘(X(R), 42) be the Bockstein morphism arising from (4.4). 
From results in [35, in particular, see (20.2.4)] it follows that the square 
H”(X) A H”+‘(X) 
hl lh (45) 
H;(X(R)) -% H;+‘(X(R)) 
commutes for every integer n, in which the vertical maps are the canonical maps (2.9). 
Combining (4.3) and (4.5) we get in particular a commutative square 
Hd-l(X, 2”) -% 2CHO(X) 
fl 1” (4.6) 
Hbd-l(X(R)) A Hid(X(R)), 
writing f = h 0 e and g = h 0 p. The equivariant cohomology ring HE(X(R)) is a graded 
polynomial ring over H *(X(R)) in one variable y of degree one. So in particular, one has 
canonical identifications 
H;(X(R)) = 6 H’(X(R))+y”-’ (4.7) 
i=O 
for all integers n. Under these identifications the inclusions 
im(f) c Hdml(X(R)).yd @ Hd(X(R)). yd-’ 
and 
im(g) c Hd(X(R)).yd 
hold in (4.6), as follows from the morphism of spectral sequences mentioned in 
Remark 3.1.1. (To explain the argument in more detail, let FiI’E” denote the ith filtration 
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subgroup of the nth limit term in a spectral sequence. These subgroups are preserved by 
morphisms of spectral sequences. In our case, the map e is the inclusion of Fild- ’ E 2d- ’ 
(spectral sequence (2.1)). From Remark 3.1.1 one concludes that this subgroup will be 
mapped byf= he into Fild-‘H id-‘(X(R)) (equivariant cohomology spectral sequence of 
Remark 3.1.1). Since the latter spectral sequence degenerates, this last filtration subgroup is 
the right-hand group in the upper inclusion. Similar argument for the second inclusion 
(consider FildE 2d).) 
We need to compute the Bockstein 6, using the identifications (4.7). If d is even then 5 is 
by definition the first Steenrod square sq’, which is a derivation and satisfies q’ osql = 0 
[39, p. 761. In particular, for <iEHi(X(R)), iE (d - 1, d}, we get (note that sq’(td) = 0 since 
Hd+l(X(R), Z/2) = 0) 
“b(td- lYd + tdyd- ‘) = (sql(td- 1) +  tdhd. (4.8) 
If d is odd, the class of the extension (4.4) in Ext$Z/2, Z/2) is the sum of the classes of the 
extension (4.4) for even d and the extension 
0 + Z/2 + (E/2)(G) -, Z/2 -+ 0. 
The Bockstein of the latter sequence is multiplication with y. Since the Bocksteins add, we 
get g(t) = sq’(<) + y. ( for all 5 E H$(X(R)). So in the case d odd we find again that formula 
(4.8) holds. It is clear from (4.8) that the restriction 
Hd-l(X(R))*yd@ Hd(X(R)).Yd_i + H”(X(R)).yd 
of 5 is surjective, and that the kernel is identified with Hd-‘(X(R)). So we can complete (4.6) 
to the commutative diagram with exact rows 
0 - Hd-‘(X, .&)/2 - Hd-‘(X, Zd) A *CH,,(X) - 0 
‘I fl “1 (4.9) 
0 - Hd-‘(X(R)) - (Hd-’ @ Hd)(X(R)) A Hd(X(R)) - 0. 
The map g can be identified with the canonical map *CH,,(X) + CH,(X)/2, by 
Theorem 3.2(d). So the kernel of g is #(X), and the cokernel is (2/2)e = H 2d(Xc) (Theorem 
1.3). To determine kernel and cokernel off consider the commutative diagram 
Hd- ‘(X, xd) 5 HZd-l(X) 
fl lh (4.10) 
(Hd-’ 0 Hd)(X(R)) 4 Hid-‘(X(R)). 
Here both horizontal maps have cokernels isomorphic to the direct sum of the H’(X(R)), 
i=O , . . . ,d - 2. For the upper map this follows from Theorems 3.2(b) and 2.3.2(c), for the 
lower map it is obvious. It follows that also both vertical maps have isomorphic cokernels. 
From the commutative square 
HZd-l(x) “‘-‘,’ H*d(_y) 
“1 hl- 
Hzd-l(X(R)) -2 Hgd(X(R)) 
it follows that h has the same kernel and cokernel as u ( - 1): H*‘-‘(X) + H2d(X). So 
coker(f) = coker(h) = HZd(XC) = (Z/2)” by Lemma 2.2.2, and the kernel of h is the image of 
car: HZd-l(XC) + H2’-’ (X). It follows from (4.10) that ker(f) = ker(hoe) = e-‘(im car), 
and e-‘(im car) = ker(e) + im(/?‘) by diagram (3.6). Since the proof of Theorem 3.2 showed 
ker(e) c im@‘), cf. Remark 3.2.1, we finally see that ker(f) = im(/?‘). 
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Putting together (1) that f and g have the same cokernels, and (2) the identifications 
kerf= im 8’ and ker g = $(X), we get from (4.9) the exact sequence whose existence was 
claimed in Theorem 4.2(b). The proof of Theorem 4.2 is complete. 0 
Remark. Taking alternating sums of dimensions in sequence (4.2) yields the equality 
dim(Hd-‘(X, &)/2) + dim(,D(X)) = dim(Hdml(X(R))) + dim(im /?‘). 
As the reader will check, this equality may be deduced very quickly from a combination of 
Theorem 1.3, Theorem 3.2(e) and exact sequence (4.1). 
Remark 4.4. One may wonder whether $ is actually an isomorphism in (a) of Corollary 
4.3. The question is whether H Zd-l(XC) = 0 implies that D(X) (or even CHO(Xc), which 
suffices by Proposition 1.4(b)) has no 2-torsion. If X is either complete or affine, this is true 
(see Corollary 4.3; for affine curves the assumption implies that X is the affine line). A large 
number of cases in which the conclusion holds is provided by the following proposition. 
PROPOSITION 4.5. Let F/C be a smooth complete connected variety of dimension d, and let 
Z c y be a closed subvariety. Let Y := r - Z. If Hzd-‘( Y) = 0 and if Z is smooth then 
CHo ( Y),,,, = 0. 
Hence if Z c X is a smooth pair of complete R-varieties, with d geometrically connec- 
ted, and if X:=X--Z has HZd-’ X ( c) = 0 where d = dim X, then the map 
$ : Hd- ‘(X, &)/2 + Hd- ‘(X(R)) is an isomorphism by Corollary 4.3(a). 
Proof of Proposition 4.5. We may assume Z not empty (Remark 4.4). Let r be the 
dimension of Z. There is an exact sequence 
H2r-1(Z)-+H2d-1(j+H2d-1(Y)-+H2*(Z)+H2d(~)+0 (4.11) 
which is part of the Gysin sequence in &ale cohomology [26, p. 2441. Since HZd-‘(Y) = 0 
by hypothesis, we see that the first arrow in (4.11) is surjective and that Z is connected. Now 
by Poincare duality the first arrow in (4.11) can be written as a surjection 
(H’(Z))* +) (H’(F))* (here * denotes the dual over z/2). The transpose H 1 (9) + H’(Z) of 
this map is nothing but the restriction map in cohomology [26, Remark VI.1 1.6(b), p. 2831. 
Thus this restriction map H1 (8) --) H’(Z) is injective. This implies that the natural map 
Pitt + Picz between the Picard varieties has finite kernel (of odd order). In turn, this shows 
that the induced map on Albanese varieties Albz + Alb, is surjective. 
Now if f: A + B is any surjective morphism of abelian varieties over C then also the 
induced map A(C),,,, + B(C),,,, is surjective. Indeed, there is an abelian subvariety L of 
A such that the restriction off to L is an isogeny (PoincarBs complete reducibility theorem, 
~25, P. 281). 
Hence we see that the map Albz(C),,,, + Albr(C),,,, induced by the inclusion Z t F is 
surjective. Using Roitman’s theorem (Theorem 1.5) we can conclude that 
A0 (Z),,,, + A0 ( n3rs is surjective. The localization exact sequence 
A,(Z) -+ Ao(n -, CHo(Y) -+ 0 
shows therefore that CH,(Y) s A,(F))IU where U is a divisible subgroup of the divisible 
group A,(F) (cf. Lemma 1.2) which contains A,(F),,,,. So CHo( r) is uniquely divisible, and 
the proposition is proved. 0 
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APPENDIX 
Let R be a real closed field, let C = R(m) and G = Gal(C/R) = { 1, a}. If M is an 
abelian group and G is a prime number then M {k} d enotes the e-primary torsion subgroup 
of M. In the following let Q resp. Z= be the field of e-adic numbers resp. the ring of d-adic 
integers, and let p[- be the G-module of all e-primary complex roots of unity (4 a prime). 
PROPOSITION. Let A be an abelian variety over R of dimension g. Then one has the 
following isomorphisms of G-modules: 
(a) If t is an odd prime, A(C)(L) E (Q,/Z’,)g @ (P~-)~; 
(b) If/ = 2: A(C)(2) 2 (Q,/Z,p @ (Pi-)” 0 (EG @,(Q,/Zz))g-“, where a is an integer 
the Olalg, 
;1/2)” z’. I?‘(;:;:)) z A(R)/A(R),. 
which is also characteriied by 
Here A(R)0 is the semi-algebraic onnected component of the identity of A(R). By 
Geyer’s work [20], also (E/2)” z H ‘(G, A(C)) holds. Taking G-invariants one concludes 
from the proposition: 
COROLLARY. A (R),,,, z (Q/Zjg 0 (Z/2)a, and A(R)o,tors z (Q/Z)? 
For the proof we recall the following well known facts, which hold for any field k of 
characteristic zero. Let A be an abelian variety over k, and fix an algebraic closure E of k. 
For ease of notation, write .A := ,A@), A(f) := A(z) (l’) etc. For any prime d, let 
T,(A) = E&A) be the associated Tate module. This is a free &-module of rank 2g on 
which Gal(z/k) acts, and canonically T,(A)/” 2 (“A as Galois modules. Moreover 
A(0 z T,(A) 8 ‘J&/H r canonically (as Galois modules). 
Let B := A^ be the dual abelian variety of A. For any integer n 2 1 one has the Weil 
pairing 
with values in p n := p”(k), the group of nth roots of unity in E. These pairings are 
nondegenerate and Galois equivariant. See [25, VII, Section 2-j. We will also use the fact 
that A and B are isogenous over k [25, IV Section 41. 
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Now specialize to the case k = R, a real closed field. Let Z(1) denote the G-module 
Z with the nontrivial G-action (i.e. a*n = - n). More generally, for any G-module M, let 
M(1) := A4 @ Z(1) be the G-module obtained from M by replacing the action of u by its 
negative. Thus pn z (Z/n) (l), p[- z (Q/Z,) (1) etc. as G-modules. 
First consider the case where J’ is odd. Clearly T,(A) is the direct sum of its G-invariants 
and its G-antiinvariants. Similarly with T,(B), so there are uniquely determined non- 
negative integers a, b, a’, b’ such that 
T,(A) g iz; 0 z,(l)*, T,(B) = z;’ 0 z,(l)*’ 
as G-modules. For any positive integer v we thus have 
[“A g (Z/P), $ (PC*)*, [“B Z (Z/P)11’ @ (&“)b’. 
The duality induced by the Weil pairing implies that a = b’ and b = a’. On the other hand, 
any isogeny A -+ J3 induces a G-isomorphism T,(A) @z, Qc ; T,(B) &, Qc, from which we 
conclude that a = a’ and b = b’. Since a + b = 29, we get Q = a’ = b = b’ = g. Hence 
as G-modules. 
It remains to consider e = 2. There are uniquely determined nonnegative integers a, b, c 
and u’,b’,c’ such that 
r,(A) E Z; 0 Z,(l)* 0 (Z,G)‘, T,(B) E Z,o’ @ Z,(l)*’ $ (E,G)” 
as ZzG-modules. (The analogue for ZG-lattices is a particular case of Theorem (34.31) in 
[14]. By [14, p. 721, proof of (34.16)], every Z,G-lattice is the completion of a HG-lattice.) 
From Weil duality one infers a = b’, b = a’ and c = c’. Comparing ranks gives 
a + b + 2c = a’ + b’ + 2~’ = 2g. The isogeny argument yields a + c = a’ + c’ and 
b + c = b’ + c’, since Q2G E QZ @ Q,(l). Together these equalities give a = a’ = b = b 
and c = c’. So we conclude that 
~412) g (Q,P,)’ 6 (PZ? @(&G @ z~Qz/&)~-’ (*) 
with some integer a in the range 0 I a I g. To identify a, note that the inclusion 
A(2) c A(C) induces an isomorphism 
ti’(G, A(2)) z ti’(G, A(C)), 
and that the latter group is isomorphic to A(R)/N(A(C)) where N = 1 + cr. Since 
N@(C)) = A(R),, we have H’(G, A(2)) E A(R)/A(R),. On the other hand, (*) shows that 
ti’(G, A (2)) z (Z/2)“, so assertion (b) is proved. 0 
